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EXPERIMENTAL AND THEORETICAL STUDIES OF SURGING IN 
CONTINUOUS-FLOW CQMPRESSORS 

By R~BICRT 0. HULL~CK, WARD W. WILCOX, and JASON J. MOSES 

SUMMARY 

Experiments have been conducted to determine the conditions 
that cause surging in compressors and to determine the effect of 
various installations and operating conditions on the character 
of the velocity and pressure variations occurring during surging. 
These iwestigations were made on three compressor units and 
the variation of static, total, and velocity pressure with time 
was recorded. In addition to the experimental studies, a 
simplijied analysis was made to determine how instability of 
flow may occur in a compressor. Based on this analysis, an 
examination was made of several possible methods of inhibitkg 
the occurrence qf surgin.g. 

Surging was.foun.d to be a periodic variation of pressures and 
velocities that may occur when the slope qf the compressor 
characteristic curve is positive. A transition region of finite 
extent and characterized by erratic pulsations of small magnitude 
separated surging from stable operation, The frequency of the 
pulsations was always the same throughout the unit; the wave 
jorm was .frequen,tly nonsinusoidal. 

The actual magnitude of the slope at which surging begins 
is determined by t?Le time required .for the static pressure in the 
rxternal pipes to o.d&xt itself to a change in flow conditions in 
the compressor passages. The magnitude and the frequency 
of the pressure pulsations, as well as the point on the character- 
istic curve at which surging begins, depend on a complc1 
relation of the capacitly and the resistance of each componer. t 
of the total system. Because the occurrence and manijestation 
of unstable operation is dependent on the dynamic properties 
of the complete air-Jew system, attempts to utilize one of the 
several methods for inhibiting surge should be made only on the 
a.ctu.al installation with which the compressor is to be used. 

INTRODUCTION 

In modern high-speed superchargers and compressors a 
periodic pulsating flow, known as surging, terminates the 
operating range at low flow rates. In order to obtain the 
desired flexibility of operation of an aircraft power plant, 
the range of the compressor, indicated by the ratio of maxi- 
mum volume flow to minimum volume flow, must be as 
large as possible. The range of centrifugal compressors 
rapidly decreases as the impeller tip speed is increased. The 
demand for increased pressure ratios of compressors, how- 
ever, has placed increasing emphasis on the necessity for 
high tip speeds. An extension of thn surge-free range of 
operat.ion of centrifugal compressors is thcrrfore an important 
part of compressor research. 

&I200449 

Surging is essentially the result of a flow instability, which 
occurs only when the slope of the characteristic curve (pres- 
sure ratio against flow function) is positive (references 1 to 
3). The slope of the characteristic curve where surging 
begins, however, is not the same for all compressors; in fact, 
when a given compressor unit is investigated in two instal- 
lations, the value of the flow function at which surging 
begins (the surge point) is frequently different. Althougli 
the slope of the characteristic curve influences the occurrence 
of surging, several unknown properties of the complete 
installation apparently also govern its occurrence. 

In the investigations reported in reference 3, an attempt 
was made to influence the position of the surge point by 
introducing a fluctuating flow at the compressor inlet. This 
forced periodicity of flow was found to have a negligible 
effect. 

Observations of the characteristics of the pressure pulsa- 
tions during surging (references 2 and 3) indicated that the 
frequency and magnitude of the pulsations are somewhat 
affected by the volume of the compressor and the pipes of 
the system. In general, an increase in this volume appar- 
en tly resulted in an increase in the amplitude of the pulsations 
and a reduction in the frequency. 

In an investigation conducted at the NACA Cleveland 
laboratory, a special recording instrument was used to 
obtain an estimate of the magnitude and the frequency of 
tho pressure ,pulsations during surging. Experimental 
studies were made of the transition from steady flow to 
surging and of the phase relation of static, total, and velocity 
pressures during surging. Other experiments were made to 
determine how the frequency and the magnitude of the 
pulsations were affectecl by changes in the volume of the 
compressor system and the tip speed of the impeller. 

Several of the records of the pressure pulsations are pre- 
sented and discussed. A simplified analysis is presented to 
show how instability of flow may be produced in a compressor 
and an examination based on this analysis is made of several 
possible methocls of inhibiting the occurrence of surging. 

APPARATUS 

COMPRESSOR TEST RIGS 

Three separate test units were used for the experimental 
investigations. Each unit conformed to the standards and 
specificat,ions recommended in reference 4. In each instance, 
the compressor unit was mounted directly on a speed increaser 

1 
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having a step-up ratio of 15 : 1 ancl was driven by an aircraft 
engine or a dynamometer. The air flow was determined by 
measuring the pressure drop across a calibrated orifice with 
an NACA micromanometer. Pitot tubes of 0.060-inch steel 
tubing were installed at the inlet and the outlet measuring 
stations; st,atic orifices of 0.050-inch diameter were placed a 
short distance upstream of the pitot tubes. Throttles were 
placed in the inlet and outlet pipes to regulate the flow. 

Tests were first made on unit A, which consisted of a fully 
shrouded impeller and a vaned diffuser mounted in a standard 
NACA variable-component test rig having a torus-shaped 
collector of 15-cubic-foot capacity. (See reference 4.) 

Unit B consisted of a mixed-flow impeller ancl a 20-inah- 
diameter vaneless diffuser, which were also mounted in a 
variable-component test rig. 

‘-Diffuser 

FIGum I.--l:nit, (‘, drsicncd cspccially for surge studies. Fxum I.--l:nit, (‘, drsicncd cspccially for surge studies. 

The greatest part of the work was tlonc on unit C (fig. I), 
which was especially designed for investigations of the cause 
and character of the surge pulsations. Because the volume 
enclosed in the collector may have had an effect on the results 
of previous investigations, this unit was designed to make the 
tot,al volume of the compressor as small as possible. A con- 

The greatest part of the work was tlonc on unit C (fig. I), 
which was especially designed for investigations of the cause 
and character of the surge pulsations. Because the volume 
enclosed in the collector may have had an effect on the results 
of previous investigations, this unit was designed to make the 
tot,al volume of the compressor as small as possible. A con- 

ventional impeller, which was modified by reducing both the 
diameter at the inlet and the height,of the blades at the tips, 
was used in this rig. The vaneless diffuser, which formed 
an integral unit with the scroll collector, was designed to 
avoid the occurrence of separation in the diffuser. The dis- 
turbances in the flow system at low volume flows were 
reduced by designing the lip at the discharge of the collector 
to have a 0” angle of attack at a low volume flow. A 
schematic diagram of the rig in which t,his unit was tested is 
shown in figure 2. 

I, aircraft-cnginc drirc 
J, Rcxiblr joint 
K, inlet throttle 
L, alternate inlet 110zzlr 
M , orificr tank 
N, orilirr &tie tap 
P, orifice platr 
Q, orifice-inlet. mcasul’ing stations 

FIGURE 2.-Schrmat.ic dingmm of test rig for unit C showing various inlet nnd outlet systcws. 

INSTANTANEOUS PRESSURE RECORDER 

The pressure and velocity pulsations during surging were 
measured on a standard NACA different,ial-pressure recorder. 
This instrument has been described in references 5 and 6 but,, 
for convenience, some of its principles are described again. 
The instrument with t.wo cells installed is shown in figure 3. 

Two simultaneous pressure recordings can be taken by 
using two cells with a single film unit. Because the pressure 
cell actually measures differential pressures, the variations 
in static pressure, total pressure, and velocity pressure may 
be recorded. Static and total pressures are opposed by some 
known pressure, usually atmospheric, to obtain a direct trace 
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, r-To tabpressure fube 

I’ 

/ 
r-Out/et pipe 

1’ 

8’ I ,r -Static-pressure fop 

w,,,,,T;r tubes 

FmuRE 3:. Yrtup used lo record vari;rl.ion in outlet velocity pressure. 

of prcsswc varint.ion with time. l’hc variation in vrlocity 
pressure is rccortlt~l by introducing static pressure on one 
side of the diaphragm and total prctssurc on the other; the 
inskument rc>cortls t.h(t diffcrcnl.ial prcssurc and a trace of 
the velocity-prtssuro variation is thereby obtained. Also, 
by recording a differential pressure rather than an absolute 
pressure, a sensitive c,cll can be used for a large range of 
compressor operating conditions. 

When used with units A and B, the instrument comprised 
two cells: one wit,11 a differential-pressure range from 0 to 50 
inches of water, the other with a range of 0 to 30 inches of 
water. Cells with pressure ranges from 0 to 5 inches of 
water and 0 to 50 inches of water were used for tests on 
unit C. When the sensitive cell was used, the vibrations 
of the motor and the gear train that moved the film past the 
light orifice were recorded along with the pressure variations. 
Although these vibrations combined with the pressure vibra- 
tions to superimpose a low-frequency oscillation on the film 
record, the accuracy of the frequency measurements was 
unaffected. 

A study of the cha.racteristics of the pressure-recording 

system showed that the indicated magnitudes of the pressure 
variations were not altogether reliable, being affected by the 
size, the type, and the length of the pressure tubes. In 
general, however, the magnitudes of the pressure variations 
indicated by the traces were roughly proportional to those 
actually occurring in the system when the installation re- 
mained unchanged for the entire series of tests. The record- 
ing system was probably accurate enough to register traces 
similar to the actual pressure waves. 

. 
TEST PROCEDURE 

The first series of tests was made on unit A to develop a 
technique for recording the pressure pulsations and to de- 
termine the character of surging. An investigation was also 
made of the relative frequency, magnitude, and phase rela- 
tions of total-pressure, static-pressure, and velocity-pressure 
variations in the inlet and outlet pipes of the system. 

Investigations were made on unit B to study the character- 
istics of the pulsations in the several unusual surge ranges 
encountered during performance tests of this unit. Traces of 
the velocity pressure in both the inlet and outlet pipes were 
taken simultaneously at the standard measuring stations to 
dt~tcrminc whether the amplitude, the wave form, and the 
frequency of t.hc pulsations wcrc the same for all surge 
ranges. 

One series of tests on unit C was designed lo determine 
how the volume of the pipes used with the compressor 
infiuencecl the frequency and magnitude of surging. Inas- 
much as an infinite volume of air is theoretically in motion, 
regardless of t,he shape and size of the pipes, the volume 
affecting the surge characteristics is difficult to establish 
definitely. In a conventional test unit, a drop in pressure 
from approximately that of the local atmosphere occurs at 
the inlet throttle; an inrrcase in pressure occurs through 
the compressor; and a decrease in pressure to approximately 
that of the local atmosphere occurs at the outlet throttle. 
The largest part of the pressure cycle is thus obtained 
between the inlet and outlet throttles and the volume 
enclosed by the system between these two stations may be 
consiclerecl to be the characteristic volume of the system. This 
concept, however, may be expected to be most exact when 
the pressure drop through the throttles is a maximum. As 
the pressure drop decreases, the influence of the exterior 
regions becomes more pronounced. The volume was there- 
fore varied by using each of three inlet conditions in con- 
junction with each of three outlet throttle locations (fig. 2); 
thus nine different combinations of inlet and outlet condi- 
tions were tested. 

The three inlet conditions were: 
1. inlet throttle wide open (located 24 diam upstream 

of the compressor inlet, station K) 
2. Inlet throttle partly closecl (station K) 
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3. Inlet pipes replaced by nozzle at compressor inlet 
(station L) 

The three outlet conditions were: 
1. Outlet throttle 51 diameters downstream of com- 

pressor outlet (station A) 
2. Outlet throttle 30 diameters downstream of com- 

pressor outlet (station B) 
3. Outlet throttle replaced by 3-inch gate valve at. 

compressor outlet (station D) 
All the teats to determine the effect of volume of the system 
on surging were made at an impeller tip speed of 960 feet 
per second. 

Tests were also made on unit C to clet,ermine the efiect of 
tip speed on the characteristics of surging. For these tests 

continued, this fluctuation appeared intermittently until 
finally at point D it became periodic. When the throttle was 
again opened, this sequence of events was reversed. Before 
t*he unit would stop surging, the outlet throttle had to be 
opened beyond the point at which surging began. This 
“hysteresis” effect was more pronounced for other operating 
conditions and often made stable operation difficult to regain 
without opening the throttle considerably. 

The corresponding variation of t,he inlet total pressure when 
the inlet throttle was closed until audible surge occurred and 
then was opened is shown in figure 5. The order of evenk 
followed the same general trend as for the outlet trace. 

For each of these traces, an arbitrary pressure was used to 
oppose the fluctuating pressure in order to keep the surge 

FIGURE 4.-Outlet total-pressure traces showing development of surge in unit A. Outlet throttle closed to point ol nudiblc surge. 

complete compressor data and a number of velocity-pressure 
tra.ces were taken at several tip speeds. 

In order to apply the results of the analysis of surging, the 
‘variation of the pressure drop across the throttles with mass 
flow had to be determined. The t,hrottle setting was main- 
tained constant and the weight flow of air was varied over a 
wide range by varying the impeller speed. The weight flow 
of air and the pressure drops across the throttles were re- 
corded. All tests were run at, sea-level conditions with 
inlet-air t,emperatures from 68” to 100” F. 

EXPERIMENTAL RESULTS 

Character of transition from stable operation to surging.- 
The variations of the outlet total pressure with t,ime as the 
outlet throt.tle was gradually closed until audible surge 
occurred is shown in figure 4 for unit A. At’ point A on t,he 
trace, only very small fluctuations in total pressure exist. 
Point B shows the beginning of small periodic fluctuat.ions 
that persisted as the throttle was being closed. At point C 
a larger fluctuation of pressure occurred. As throttling 

trace within the scale of the recorder. For this reason the 
magnitude scale shows only the relative size of the fluctuation. 

Phase relation of various pressures in flow system.- 
Simultaneous recordings are shown in figure 6 (a) of the varia- 
tion of the outlet velocity and st.atic pressures with t,ime as 
tdle flow is throttled to the surge point for unit A. Traces 
obtained for the variation of outlet velocity and total pressure 
wit.11 time are shown in figure 6 (b). The t,races showing the 
corresponding variation of inlet and out.let velocity pressures 
are .given in figure 6 (c). The outlet velocity-pressure trace 
was kept within the limits of the recorder (the zero line was 
not placed to utilize the full film width) by reversing the 
pressure tubes, which inverted the trace on t,he film. In the 
outlet pipe the total, static, and velocity pressures were sub- 
stantially in phase. The velocity pressure in the inlet pipe 
was sufficiently in phase with that in the outlet pipe to show 
that the system was surging as a unit. The traces in which 
both the total and the static pressures apparently lead the 
velocity pressure by a small amount int1icat.e an impossible 
situation and this error is attributed to the inherent deficiency 
of the instrument in detecting such small phase variations. 

FIGUIZE 5.-Inlet total-pressure traces showing dcvclopment of surge in unit .4. Inlct throttlr closed to point of audible surge, thcu o~xmcd. 
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i 2 
fitie ;ntefk7l, see C-//5/8 

7-20-45 
(:I) ~onllmrison of outlrt rrll,city-I,~rsslr~[, and outlrt static-pressure ttwrs. 
01) Comparison of outlet vrl(lcity-p~rsstl~[, and outlet tot&pressure tracrs. 
Cc) Con~pnris011 ofoutlrt velocity-prrssrw and inlet vrlocity-prcssurc traces (Outlet 

Volacity-I:rcssurc 1 race invrrtrd.) 

I’I(:uarr (i.-Surge traces showing phase rclntion of pulsations at various fiow stations of 
unit A. 

Characteris+x of pressure pulsations during several 
surge ranges of unit B.--It1 addition to thr surge that, 
terminntctl the range of operation of unit B at, low values of 
volume flow, surging also occurred al two poinls having 
relatively high values of volume flow. The characterist.ic 
curve determined by the standard compressor tests for this 
unit at an impeller tip speed of 900 feel per second is shown 
in figure 7. 

s:q 
The solid portions of the curve represent stable 

operation and the dashed portions, unstable operation. 
Between points A and B the pulsations were plainly evident.; 
at point C the surpc! could be pickecl up only with an instru- 
ment; and at D the pulsations were very violent.. The 
pressure fluctuations (fig. 8) show the important parts of 
velocity-pressure traces made when the inlet thrott,le was 
slowly closed from an open posit,ion. Figure 8 (a) shows the 
inlet velocity pressure as Ihe unit enters the first surge range. 
As throttling is continued, the surging changes character 
from a, high-frequency, low-amplitude wave to a wa.ve of 
lower frequency a.ncl greater amplitude at point A shown in 
figure 8 (a) and figure 7. At point B in figure 8 (b), the flow 
has been tdlrottled to such an extent, that the trace for the 
outlet velocity pressure, which was off-scale in figure 8 (a), 
now appears in addition to the trace of the inlet velocity 
pressure. When the volume flow has been sufficiently 
reduced, the large, low-frequency fluctuations disappear 

o/.70 
‘2 
: 

9.60 
2 
t 
Q  
< /.50 
P -CA 
u" 
k  

- Stable bperofion 
E 1.40 --:-- Unsto&e ppqrotion 

2 
,168 280 39.2 50.4 6/h’ 728 84.0 952 

Vohme f/ow, cu ft/sec 
Fmum 7.-Variation of compressor pressure ratio with volume flow for unit B at impcllor 

tip speed of CNJI feet per second. 

leaving only the high-frequency waves of smaller amplitude. 
At a still lower value of volume flow indicatecl at point C 
on figures 7 and 8 (c), a very gentle pulsat,ion develops. This 
pulsation also disappears as thrott.Iing is continued and the 
operation is stableuntil a final,violent surge condition develops 
at the lower end of the operating range, The trace of pres- 
sure fluctuations at point D on figure 8 (cl) clearly shows that 
t.1113 form of this tram is different from the previous traces 

0 I 2 3 4 
(4 

G m 0 / 2 3 4 

id) 
i z  3 4 

Jime in ferva( set c-/ /5/9 
7-20-45 

(a) Devetopment of initial swgc. 
(b) End of initial surge. 
Cc) Beginning of second surge. 
(d) Dcvclopmcnt of iIns surge. 

PIOUHE 8.-Dovolopment of surge in unit B as inlet throttle is closed. 
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and does not, even remotely resemble a sine wave. The 
magnitude and the frequency of the pulsations are different 
in each of the surge ranges. In all cases, the slope of the 
characteristic curve is positive each time that surging occurs 
@g. 7). 

Effect of external volume on frequency and amplitude of 
pressure pulsations during surging.-The compressor of 

,, ,, ,;,-.- :-- .’ .I”.,. -.’ 
2 , ‘y,:iy.:;~~~ _ -- ‘I : ‘. :, 

i 

0 I 2 3 4 
(cl T,ine interval, *ei: c -II& 

7-20-45 
(a) Inlet throttle xx-idr ol:rn; maximum inlet volumr; frrqucncy, 4.8 cyclrs per srcond. 
(b) Inlet throttlr l,artl:- closed; medium inlet \-olumr; frcqorncy, 11.0 cyclrs ,:er srcond. 
(c) Inlet throttle replaced bg nozzlr; minimum inlet volume: fipqurncy, 8.0 c~~Acs 1x1 sccol~d. 

Fxww Q.-Effect of volumt~ capacity of inlrt on lrrqurncy and amplitude ofsurging of unit (” 
Outlet throttle, 51 diameters downstream of comgwssor; imprllrr tip spred. 9GO fret lw! 
second. 

unit C was constructed to enclose a minimurli volume. IJor 

this unit, nine different combinations of inlet an(l outlet 
conditions wcrc usccl. All tests to dctc~rminc the c>H’cbcts of 
t,he csterna.l-system volume on surging wcrc run at an im- 
peller tip speed of 960 feet prr second and the prcssurcl cc311 
was conncctcd to record the variations in vclocitv prcssurc 
in ‘the outlet pipe. 

The lowest frequency and the greatest magnitutlc of the 
pressure pulsations were obt,ainccl when t,he estrrnal pipes 
enclosed t,hc largest volume. For this condition the outlet 
throttle was located 51 cliametcrs downstream of the com- 
prcssor and the inlet throttle was wide oprn. The tract 
obtainccl from this test is shown in figure 9 (a) and the frc>- 
quency indicated by this tract was 4.5 cycles per sccontl. 
Complete reversal of flow occurrrd at this condition and a 
consiclcrablc mass of air was tlischargc~d from the orifice 
tank into the at,mospherc during part of t,hc surge cycle. 

With the outlet throttle in the same location and with 
the inlet and outlet throttles partly closed, thus effectively 
reducing the volume of the inlet pipe, the frequency was 
increased to 11.0 cycles per second and the magnit,ude of 
the pressure variation was smaller,, as shown in figure 9 (b). 
The wavy envelope shown was due to vibration of the gear 
train in t.he pressure recorder. The disturbances a,t the 
orifice were considerably reduced from those observed with 
t,lic inlet throttle wide open. 

When the inlet pipe was replaced by the noz~lc, the 
frequency clccrcascd to S.0 cycles per scconcl and tlic magni- 
tude also dccrcasccl. This result, shown in figure 9 (c), was 
rather surprising because both the frequency and the magni- 
tude dccrcascd, a trcrid that did not correspond to any othci 
observations made during similar tests. Some question 
csists as to what clfcct tlic noz~lc actually had on the inlet 
volume bccausc the pressure drop through the nozzle was 
very small and the volume of the test chamber may hs.ve 
influcnccd the results to some extent. 

Tra,ccs obtained for each of the inlet conditions with th(b 
outlet throttlr 30 pipe tliamct.crs downstream of the com- 

-/ 

b i 2 3 4 
(cl Time interval, set c- %2/ 

7-20-45 

I’I(:LTRE lo.-Effrct of rolumc capacity of inlet on frcqucncy and amplitude of surging of unit. 
C. Outlet throttle, 30 diameters downstream of compressor; impeller tip speed, 9GO feet 
,lPI second. 

prcssor outlrt are shown in figure 10. Again the lowest 
frcqurncy, 6.5 cycles prr second, was obtainccl with the 
i&t throttle wide open. Operating the unit with both 
throttles partly closed increased the frequency to 13.5 cycles 
p(‘r second and decreased the magnituclc of pulsation. The 
cflcct of the nozzle, as shown by figure 10 (c),was quite cliffer- 

._-.- -_-._ -.- ._..-__._ ._ 
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cnt from that previously noted in that the frequency rather 
than decreasing as before now increased to 60.0 cycles per 
second. In addition, a large decrease in magnitude was 
observed. The wavy envelope of the traces is again &ue to 
vibrations of the gear train in the pressure recorder. 

Throttling at the scroll outlet with a standard S-inch gate 
valve caused the effect of changes in inlet volume to become 
almost imperceptible: The tracts corresponding to these 
conditions arc shown in figure 11. When the nozllc was 
usecl (fig. 11 cc)), the amplituclc of the pulsation appcarcd 

I r I 1 I 
I 2 3 4 

T/me interval, ‘set C-II& 
7-2U- 45 

(11) Inlet throttle wide ol~w; rnasimam inlet volumr; frcqucllcy, C&O cyclrs *wr second. 
(I,) Inlet throttlr psrtly closd; medium inlet volumr; frequency, GO.0 cycles per second. 
(c) Irllct dhrottlc rcpleced by nozzle; minimum inlet volume; frequency, GO.0 cycles lwr second. 

FIOURE 1 I.--Effect of volumcicapaclty of inlet on frrquency and amplitude of surging of unit 
C. 3.inch gate vslvbat. scroll outlet; imlwllcr till sllrcd, SF0 fort lxx srcond. 

to increase considerably. Audible observation, howcv~r, 
did not confirm this incrcasc. The reliability of this tract 
is also doubtful because some question again exists as to 
whether the inlet volume was the volume of the noz7lc OI 
the volume of the outside atmosphere. The lowest frc- 
yuency, 56.0 cycles per second, was again noted for the open 
inlet throttle and for the other two conditions a frequency 
of 60.0 cycles per second was observed. 

The results of this phase of the investigation show that 
the volume of the system has a very definite effect on the 
magnitude and the frequency of the pressure pulsations. 
In general, this trend agrees with the observations of pre- 
vious investigations; that is, a large external-system volume 
results in a low-frequency, high-amplituclc vibration; whereas 
a small volume results in a high-frequency, low-magnitude 
vibration. No simple relation, however, could be found to 
express the frequency as a function of the inlet and outlet 
volumes, which indicates that factors other than the effective 
volume also control the surging characteristics. The prcs- 

sure drop across the throttle and the inertia of the air in 
motion must be considered. 

The following table shows the effects of volume on fre- 
quency of surge pulsations for unit C: 

\ 
Outlet volurna 
(Curt) + 0. 4Ga 2.071 3. G52 

Inlct volume 
(cu IL) 

\ 

‘\ 

1 ‘\ 
Frcquoncy (~1,s) 

I 

,.., 
: 

: 

Effect of impeller tip speed on magnitude and frequency 
of pressure pulsations during surging.-In the course of 
these invest,igations, additional tests were conducted on unit 
C to determine the effect of tip speed on the,magnitude and 
the frequency of the pressure pulsation. The records taken 
at 960 and 1200 feet per scconcl with the outlet throttle 30 
diamctcrs downstream of the compressor outlet and the inlet 
throt.tle 24 diameters upstream of the compressor inlet are 
presented in figure 12. Although t,he amplit.ucle of the pul- 
sa.t.ions is approximately doubled, the frequency is changed 
vc’ry little by an increase in tip speed. This rrsull is rcprc- 
s:cnl,ativc of tests on other compressors. 

ANALYSIS OF SURGE 
INSTABILITY OF FLOW IN COMPRESSORS 

The results of the present and previous investigalions 
(rcfcrenccs 1 to 3) have shown that surging occurs only when 

--- .._-. .~- 

I I I I I I 
0 / 2 3 4 5 
W  Time intervof. set C-i/523 

7-M-45 

(a) Iml~cllcr tip speed, 9GO feet pot’ second; frequency, 13.5 cycles pot’ second. 
(b) Impeller tip speed, 1MO feet POP second; frequency, 13.0 cycles per second. 

FIGURE 12.--Rffect of impcllor till speed on frequency and amplitude of surging in unit C. 
Outlet total pressure, 10 inches mercury above atmospheric. 

the slope of the characteristic curve is positive and that the 
volume of air enclosed by the system has a definite effect on 
the frequency and the magnitude of t.he pressure variations. 
In addition, the variations in pressure and ve1ocit.y during 
surging need not have a sinusoidal variation with time. 
These observations indicate that surging is a self-induced 
vibration resulting from an inherent instability of the flow 
in some part of the operating range. The slope of the charac- 
teristic curve is apparently a criterion of the stability of the 
flow. Inasmuch as the frequency and the magnitude of the 
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pulsations are affected by the volume, this quantity might 
also be expected to affect the stability. Vibrations of ,this 
type seldom have purely sinusoidal qualities. 

The general method used to study the stability of a given 
motion is to assume that a small deviation from the steady 
form of motion is produced slnd then to investigate whether 
the ensuing reactions tend to oppose the deviation or accen- 
tuate it (references 7, pp. 32-35, and 8). The reactions arc 
caused by the inertia, elastic, and frictional forces induced 
by the deviation. The inertia forces are a function of the 
rat,e of change of the velocity of the motion; the elastic forces 
are a function of the magnitude of the deviation itself; the 
frictional forces are a function of the velocity of t,lie motion. 
Because a crit.erion of t$c stability of motion is sought rathel 
than a description of the motion itself, only t.hc linear terms 
are considered. 

In a compressor operating at constant speed, the inertia 
forces arc due to changing the velocity of the total mass of 
air in motion. Elastic forces result from the elastic property 
of air. Frictional forces are (1) the true frictional force 
caused by skin friction and throttling, and (2) the force that 
causes the pressure rise in the compressor, which is, in a 
sense, a negative friction force. Thcsc forces are intcr- 
rclatcd in a complex manner and offorts to tlcvclop an 
analytical expression to describe the influence of these forces 
for a general compressor system indicated that the equations 
become greatly involved. By the USC of simplifying assump- 
tions, however, an approximation was devclopcd (see the 
appendix) to determine the relative influence of the various 
forces affecting the stability of the operation of a compressor. 
The derivation is somewhat limited because it is based on a 
simple system of an inlet pipe, an inlet throttle, and a com- 
prcssor unit. Further limitations arc imposrd on the dc- 
velopment because of the following simplifying assumptions: 

(1) The diffcrencc bctwrcn tbc static prcssurc and the 
total pressure is small. 

(2) The prcssurc and th(l ma.ss tlistributioll iu tllc inlet 
pipe vary lincsrly a,long the pipe l(~ngtll. 

(3) The volume of the compressor is nc~gligiblr. 
Two simultaneous dificrential equations can bc set up 

from these assumptions to obtain the rspressious 

6M,= K2es1 sin (wt+&) 
where 
SMi small changcl of mass flow rate through inlet throttle 
sn, small cha.ngr of mass flow ra.te through compress01 
K,, K2 constants drtc~rmining relative amplitude of vibra- 

tory motion 
s a number, the algebraic sign of which is iudicativc 

of the stability of a system 
t time 

ii, $2 
frequency term 
constants governing phase relation of vibratory 

motion 
Only the exponent s need bc examined to investigate the 

stability of the system. When s<O, the system is in stable 
equilibrium; when s 7 0, instability rrsults. Tbc frequency 

term w is of no interest for this discussion because the method 
of small deviations does not apply after instability occurs and 
the amplitude of the motion becomes large. 

Wlien s and w are expressed in terms applicable to the 
compressor system bcinp coneidcred, 1 J&!Y 

9=-2a2 [ 1 a2L 
rvk-Y) (1) 

a velocity of sound in inlet pipe, feet per srcontl 

1; 
ratio of specific heats 
cflcctive area of inlet pipe, square feet 

V volume of inlet pipe, cubic feet 

2 slope of throttle characteristic curv(l (d&i 4) 0 
Mi mass flow ratk across inlet throttle, slugs per second 
Api pressure drop across inlet throttle, pounds per square 

foot 

?J slope of compressor charnctcristic curve (i& 4 
Al, mass flow rate across compr(‘ssor, slugs per sctcontl 
A?), prt~ssurc rise across compressor, pounds per square foot 
L length of inlet pipe, feet 

Bkcausc the velocity of sound is infinitely large for incom- 

pressible flow, the term s 
( > 

becomes infinitely small and 

the sign of s in equation (1) and the stability of operation 
will be determined by the denominator yv(z-y). When y 

algebraically exceeds 5, the sign of s is positive tl.1~1 instability 
results. 

A physical picture of the relation bctwrcn the slopes of 
tlic tdirottlc and the compressor charactcrist.ic curves and 
thr stabi1it.y of operation can be obtained by visualizing tbc 
cfirct of small disturba.nces in the flow. 7’11~ throttle cbarac- 
tcristk curves rcprcscnt tlir variation of tbc total rcst.rications 
t,o flow in the cxtcrnal piping with mass flow. When tbc 
disturbance causes the prrssurc rise t,hrough the compressor 
to cxccc>d tbc prrssurc drop through tbc cxtrrnal piping, tbc 
mass flow will increase; convcrscly, when the throt,tlc prcs- 
sure drop is greater t,han the prrssurc rise of t,hc compres- 
sor, the mass flow will decrease. Figure 13 (a) shows the 
variation of the pressure drop in the external piping and 
the pressure rise across the compressor with mass flow 
for a liypothctical unit. When the slope of the c+omprcs- 
sor chara.ctrristic curve is algebraically less than the slope of 
the throttle characteristic curve (assuming incomprcssihlr 
Bow), a momentary decrease in mass flow will cause the prcs- 
sure drop in the external piping to bc momentarily lrss than 
Idie prcssurc rise through the compressor. Consrqucnt,ly, 
the mass flow will increase and thus restore equilibrium. A 
momentary increase in mass flow will likewise result in con- 
litions that will restore equilibrium. 

When the slope of the compressor cbaractcristic curve is 
;reatrr thn.n the slope of t.he throttle characteristic curve 
1.t the intersection point (fig. 13 (b)), the results of momen- 
.,a.ry chanpcs in mass flow are quite different. If mass flow 
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I ,,” ,,’ 
,’ ,’ ,’ (bJ ,’ 

(a) Slope of throttle curve greater than slo~x of comfxessor CIIITP. 
(b) Slow of throttle curve less than slo~>e of compressor curve. 

FIOUIUX IS.-Efkct of sloges of throttle characteristic curve and comgrcssor characteristic 
curve on  stability of operation. 

momcnt,arily drops from point F, the pressure drop through 
the external piping will be greater than the pressure rise 
through the compressor at the new operating point and the 
mass flow will be decreased still more and t,hus promote 
unstable operation. Similarly, a  momentary increase in 
mass flow will cause instability. 

When compressibility is taken into account, however, 
the numerator of equation (1) cannot be neglected. The 

YV2XY velocity of sound a becomes finite and the term l--- a2L2 
becomes significant. Thus, the effect of the expression 
may make the sign of s in equation (1) positive with the 
resulting unstable operation even though the denominator 
remains positive (s>y). 

A series of tests was therefore made to obtain experimental 
values of the slopes of the compressor and throttle character- 
istic curves at or near the surge point. Complete per- 
formance data were taken when the inlet throttle alone 
was used to regulate the flow and the outlet throttle remained 

open. Data were also taken with the inlet throttle wide 
open and all throttling done at the outlet. If the dynamic 
characteristic of the compressor was to have the dimensions 
required by equation (l), the pressure rise developed by the 
compressor had t.o be plotted against the mass flow as shown 
in figure 14. The curves of the variation in pressure drop 
across the inlet throttle plotted against mass flow for throttle 
settings near the surge point are also shown. 

A comparison was made between the actual values of y 
‘obtained from the curves of figure 14 and the values obtained 
for the conditions s=O and X-y# 0, a  condition satisfied 
by the relation 

-d2XY 1 -= 
a2 

of equation (1). The foregoing expression has been reduced 
from the relation 

2mor-r I 
________--. --- 

1800 . _ _ _ _ _ __ -. * 
-2 

600. 
I 

Pressure difference 
_ 0 C&npressor with outlet 

tbroff/iny 
+ Compressor with Ale f 

400 - tbro f fling 
* Out/ef fhrof f/e 
0 fn/ef .fhrofffe 

-----Theoretical fangenf to 
. 

v) 
poinf of surge 

200 I I I I 
0 .O2 .O4 .06 .08 .I0 

Mass  f/ow, slugfsec 

FIGURE 14.-RelationS between throttle characteristic curves and compressor characteristic 
eurvcs at impeller tip speed of 1080 feet per second. 
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by resolving the volume v into the product of an area A and 
length L and eliminating A in the numerator and denom- 
inator. The following values were used in the calculations: 

Inlet 
throttle 

only 

y ........................ 1.3947 1.3947 
‘42 (sq ft)?. .___ ............ 0. 05 0.05 
02 (ft/sec)2 _.......__ ...... 1.297.000 1. 297.000 
z ._.._ ................... 313.600 63.150 
!/ (calculated) .. ._._ ...... 59.3 294.4 
!/ (measured) ..__ .......... 8750 8710 

A comparison of the actual and the calculated slopes is 
given in figure 14 where the dashed curves have slopes equal 
to the calculated values of y. Although t.he calculated values 
of y are much less than the actual values, they are both much 
smaller than 5. Good correlation between the calculated 
and the actual values was not expected because the condi- 
tions of the equation and those of operation were very differ- 
ent. In the development of equation (I), the assumptions 
were made that only the flow upstream of the impeller inlet 
was restricted and that the volume of the compressor was 
negligible; whereas, in the actual case, there were flow re- 
strictions at both the inlet and the outlet of the compressor 
and the volume enclosed by the compressor was appreciable. 
Although equation (1) cannot be used as an absolute criterion 
of surging, it is useful in obtaining a physical picture of the 
phenomenon. 

Compressibility effects can be pictured with the aid of 
figure 13 (a). If the point of operation of the compressor 
momentarily drops to point A from point E, the operating 
point of the throttles would move to point A’ if the air were 
incompressible. Before the pressure in the pipe can drop 
to the pressure required for this condition, the mass of air 
contained by the pipe must decrease; that is, for a definite 
interval of time the mass flow of air leaving the pipe must 
be greater than that entering it. Thus a finite time is 
required for the static pressure to adjust, itself completely 
to the change in flow conditions. (This time lag should not 
be confused with the time lapse due to the finite velocity of 
sound.) Because of t,his time lag between a change in 
operating conditions and the complete adjustment in static 
pressure, the point of operation may drop only to point B’. 
Compressibility may thus cause the pressure drop across 
the throttles to be greater than the pressure rise across the 
compressor and a further decrease in mass flow and unstable 
operation will result. Similarly, when the point of operation 
of the compressor momentarily moves to point C, the point 
of operation of the throttles would for the incompressible 
case be C’. Owing to compressibility, however, the pres- 
sure may rise only to D ‘. When the pressure rise across 
t,he compressor is larger than the pressure drop through the 
external piping, a further increase in mass flow and unstable 
operation will result. These illustrations show that com- 

pressibility reduces the limiting value of the slope of the 
compressor characteristic curve for the same slope of the 
throttle curve. Because the time lag of the pressure changes 
is affected by volume and the resistance offered to flow, the 
relative time lag of the compressor and the external system 
may be somewhat adjusted by altering these factors. This 
statement follows from the position of the v ancl J: terms in 
equation (1). 

FLOW CONDITIONS WITHIN A COMPRESSOR AT POINT OF INSTABILITY 

Both the experimental and analytical results have shown 
that the value of y must be positive at the point of surge. 
If the value of y is to be positive, the pressure losses in the 
compressor must increase as the flow decreases (except fol 
certain impellers with forward-swept blades), which would 
be indicative of the development of a breakdown in the flow 
at some point in the systrm. For example, a decrease in 
the flow can cause the angle of attack of the inlet blades of 
the impeller to become so high that a large amount of 
additional separation occurs. Similarly, a breakdown in the 
flow will occur in a vanecl diffuser when the flow is decreased 
beyond a certain limit and even in a vanclcss diffuser the 
tendency for separation is increased as the volume flow is 
dccreasctl. In the impcllcr itself, a &crease in the volume 
flow increases the blatlc loading near the inlet and along the 
radial blades; thus, additional separation in these regions 
can occur when the flow is sufficient,ly decreased. The 
value of volume flow at which a large-scale breakdown of 
flow occurs may be considered as the ultimate lower limit 
at which surge-free operation may be obtained with any 
given impeller. 

METHODS OF INHIBITING SURGING 

From the previous discussion, the most cflective means of 
delaying t.hc occurrence of surging is to maintain a negative 
slope of the charactcrist,ic curve. The ideal means of ac- 
complishing this end is t.0 locate and cliniinate tlit cause of 
the flow breakdown, which produces the positive slope of t,hc 
characteristic curve. Unfortunately, attempts to correct 
the tlow breakdown at low values of volume flow oftrn 
adversely affect the upper range of operation to such an 
extent that the over-all performancr is less satisfactory. 

One method of delaying the change in slope of the cha.r- 
acteristic curve is the use of variable-angle prerotation vanes 
upstream of the compressor. As throttling at the inlet is 
increased, the incoming air is given a rotation in the direction 
of impeller travel and the grratcr the amount of prerotation 
t,bc less will be the pressure rise of tbc compressor. For 
any given setting of thr vanes, tbc amount of the absolute 
prerotation will be proportional to the volume flow and, 
consequently, any slight decrease in volume flow will tend to 
increase the pressure rise of the impeller and thus delay the 
critical value of the positive slope. 

Another means of limiting the net mass flow through a 
compressor system without encountering surging is to rc- 
circulate part of the total flow back through thr compressor 
unit,. The introduction of the recirculated air should bc 
arranged to provide prerotation to the incoming air stream. 
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Thus, the pressure ratio developed by the iinpeller is re- 
duced and at the same time the volume flow through the 
impeller and the diffuser is greater than the net flow through 
the system by the amount of recirculation. The main 
disadvantages of this system are that the outlet temperaturks 
may be increased with a resulting decrease in over-all 
eBk&ncy. 

The analytic61 expressionk”de%%d’ in the appendix show 
that the volume of the system has a definite ef?‘ect on the 
surge point. In general, the greater the volume of any part 
of the system, the slower will be the response of the related 
pressures to changes in the mass flow rate. Inasmuch as the 
volume of the compressor unit is small compared with that 
of the entire system, the surge-free range probably could be 
extended by increasing the effective capacity of the com- 
pressor unit or decreasing that of the auxiliary piping. 
These modifications would either make the response of the 
compressor unit to small variations in mass flow slower or 
speed up the response of the external system. This means 
of changing tdlc surge point would bc applicable only when 
the positive slope y is relatively small as compared with the 
slope of the throttle characteristic curve. If the slope 
changes abruptly, bowcvcr, very little would bc gained by the 
addition of a chamber to the compressor unit. 

A device that operates on the principle of delaying the re- 
sponsc of the compressor was developed by the General 
Elcckic Company for inhibiting surging. In t(his device, a 
sizable chamber is connected to the flow passage at the 
Icatling edges of the diffuser blades by means of very small 
orifices. If the positivr slope of the compressor curve is due 
to a momentary hrcakdown in tdlr flow at the diffuser tips, 
tlrtl resulting drop of prcssurc in this region will cause the 
chamber to clischargc air into the passages and thus delay 
the rates of change of the decrease in the over-all pressure 
ratio. The effectiveness of operation of an arrangement of 
this type will depend on the purpose for which the compressor 
is to be used. 

A typical compressor installation for a modern aircraft, 
engine has a large number of components, each of which con- 
tributes ik own particular resistance, capacity, and inertia 
cflects to the totals for the system. The surge point ob- 
served during bench tests usually corresponds fairly closely 
to that found for the actual installation. A device for in- 
hibiting surge by changing the response of the unit for any 
one system, however, cannot be expected to function properly 
when used in another system where the resistance, the capa- 
city, and the inertia effects are greatly different. For this 
reason, investigations made to increase the surge-free range 
must be made on the complete installation with which the 
compressor unit is to be used. 

SUMMARY OF RESULTS 

The results of experiments with three compressor test rigs 
to determine the characteristics of the pressure pulsations 
encountered during surge show that: 

1. As a rule, a transition region characterized by erratic 
pulsations of small magnitude existed between the region of 
stable operation and the point where definite surging begins. 

2. The uniformity of the frequency of the pulsations 
throughout the system indicated that the system surged as 
a unit. 

3. Although the pressure pulsations were periodic, their 
variations with respect to time were frequently nonsinu- 
soidal. 

4. Decreasing the volumetric capacity of the external 
pipes increased the frequency and decreased the amplitude 
of the pressure pulsations. Apparently the frequency and 
the amplitude both depended on a complex relation of the 
capacity ,ancl the resistance of each component of the system. 

CONCLUSIONS 

From the foregoing results, the following conclusions have 
been drawn : 

1. Surging is the manifestation of an instability of flow in 
a compressor. If this condition is to exist, the slope of the 
compressor characteristic curve must be positive and a time 
interval must exist between a change in flow conditions in 
the compressor passages and the static-pressure adjustment 
in the external pipes. 

2. The surge-free range of any compressor may possibly be 
extended or the magnitude of the surging pulsations be 
reduced either by reducing the magnitude of the positive 
slope of the characteristic curve or by changing the volu- 
metric capacity of the compressor components. All such 
investigations should be made on the actual installation 
with which the compressor is to be used. 

AIRCRAFT ENGINE RESEAIZCH L~RORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AEIZONAUTICS, 

CLEVELAND, OHIO, April 25, 1946. 

APPENDIX 
EQUATION OF STABILITY 

SYMBOLS 

The symbols used in the equation of stability are dcfinecl 
as follows: 
A cross-sectional area of pipe, sq ft 
a speed of sound, ft/sec 
9 standard acceleration of gravity, 32.174, ft/se? 
Ii,, & constants determining relative amplitude of vibra- 

tory motion 
L length of pipe, ft 
M mass flow, slug/set 
L3M small change in mass flow, slug/set 
m mass of air in pipe, slug 
P pressure, Ib/sq ft 
Al, change of pressure, lb/sq ft 
R gas constant 
s a number, the algebraic sign of which is indicn,tivc 

of the stability of a system 
,, I temperature, “R 
t time, set 
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velocity, ft/sec 
volume, cu ft 

slope of throttle characteristic curve 

slope of compressor characteristic curve (iti 4 
ratio of specific heats 
constants governing phase relation of vibratory 

motion 
density of gas in pipe 
number indicative of frequency of oscillnlion 

Subscripts: 
1 atmosphere 
2 immediately downstream of inlet throttle 
3 immediately upstream of compressor 
(XV average in inlet pipe 
c compressor 
i inlet throttle 
0 cquilibrim 

DERIVATION OF EQUATION 

A general method of determining the stability of a givrn 
motion is given in references 7 (pp. 32-35, 324-332) and 8. 
When a small deviation or displacrmcnt from the stntc of 
equilibrium of a system is assumed, certain vibrations will 
occur that may be analytically studied. If these vibrations 
have a tendency to die out, equilibrim is maintained; other- 
wise, it is destroyed. In addition to the compressor itself, 
a typical compressor installation contains one or more 
throttling units and several lengths of piping. A rigorous 
analysis of the stability of such a system requires a knowl- 
edge of the distribution of the pressure, the temperature, 
and the velocity at each point in the system. 

In/et thrott/e -J' I 

APC 

l- i 
:rhoust - 

FIGTJ~E 15.-Schematic dinpram of simplified compresor unit. 

At present, a thorough study of the stability of any 
specific system is not so feasible as formulating a relation 
between ‘the various factors affecting stability and thus 
obtaining information on the fundamental causes of un- 
stable operation. For simplicity, a compressor system 
(fig. 15) consisting of an inlet throttle, an inlet pipe, and the 
c.ompressor unit will be assumed. Air enters the throttle 
directly from the atmosphere and is directly discharged from 
the compressor into the atmosphere. 

At equilibrium, the drop in static pressure AP~,~ across the 

inlet throttle is equal to the rise in static pressure Ap,., 
across the compressor (from the assumption that the differ- 
ence between static and total pressure is small). If Ap,,, is 
assumed to be a function of the mass flow through the 
throttle M,, the occurrence of a disturbance that causes a 
small change sM, in the main flow will cause the pressure 
drop across the throttle to become 

nntl 

(2) 

(3) 

This disturbance may or may not be equal to that through 
the throttle. 

At any instant, the static prcssurc 11~ immediately down- 
stream of the throttle must be equal to the difl’ercnce bc- 
twccn the pressure p1 of the atmosphcrc and Api. Similarly, 
the pressure p3 immediately upstream of the compressor 
must equal the difference between p, and Ap,. These 
requirements provide the relation 

When the values of Api and Ap, determined in equations (2) 
and (3) are substituted, 

01 
pz-p3=y6Mrx6Mi 

The displacements assumed for studying the stability of the 
system are so small that x and y may br treated as constants. 

The existence of this difference in pressure at the two 
3xtremitics of the inlet pipe mill change the momentum of 
the mass of air cucloscd by the inlet pipe. If friction forces 
brc neglected, the rate of change of momentum will equal the 
product of the pressure difference by the area of the pipe. 
r11us 

&d’)=A(y~M~-x6Mi) 

This expression may also bc writt.en 

d L ;zt (PflVj =fl(?~6iM,-rzsM,) 

Because the distribution of the changes in mass flow in the 
nlet pipe is unknown, the mass flow rate is assumed to vary 
.inearly along the pipe length. The quantity pAV is the 
Lverage value of the mass flow through the pipe and its value 
nay be writt,en as the average of Mi and MC. Then 

L 2 (“+)=A(y6MC--dMi) 

3ut 
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therefore 

; $ (~M,+~M,)=A(~J~M~-x~A~,) (4) 

By use of the perfect-gas law pv=gmRT and t.he expression 
for the speed of sound a2=rgRT, 

The rate of change of the mass in the pipe with rcspcct to 
time may be writton 

(5) 

if the temperature of the air is assumed to remain unchanged. 
The true variation of st,atic prrssurc. at the throttle and 

along the pipe is unknown and thnrcforc a linear relation is 
assumed. When the difference bctwcen total pressure and 
stn.tic prrssurc is neglcctccl, 

01’ 

Aftm the simult,anc~ous difl’crentin.1 ckquations (4) n.nd (6) are 
solved, the resulting csprcssions for sAi/, and sM, arc 

6Mi=K,e”’ sin (wt++,) 

13l?4~,= &&P sin (wt+ +J 

where K, and 4, are arbitrary constants that determine the 
values of K2 and &. 

When expressions of this type arc usecl to represent the 
dynamic charactcrist,ics of a syst;cm, the significance of the 
terms is as follows: 

(a) The const,ants Kl and K2 determine the relative 
amplitude of t.hc vibratory motion. 

(b) The term es1 indicates the variation of the amplitude 
of vibration with time. If s is positive, the vibrations incrcasc 

with time and unstable operation results; a negative value of 
s indicates stable operation. 

(c) The term sin (wt+&) designates the frequency and 
phase relations. The frequency depends upon wt and dl 
governs the phase relation. 

Inasmuch as the emphasis of this discussion is on the 
question of stability, the term is, will be considered more 
fully. The expression for s is ~-~ - --i+-- .. 

s= -2a2 
1 .@VXY [ 1 a2L 
-4X-Y) _ 

or 

sz -2a2 
1 YV2XY 

[ 1 

ar2L2 
rv(-Y) 

As previously stated, when the sign of s is negative, the 
vibrations are diminished as time passes and the operation 
is stable. On the other hand, a positive value of s results in 
unstable operation. ‘1’11~ determination of stability is there- 
fore reduced to the determination of the sign of the variables 
in equation (1). All of the terms in t.liis csprcssion arc posi- 
tive with the rsccpt ion of the slope y of the compress01 
charactc>ristic curve, which may bc either positive or nega- 
tive. V’hcn ~70, s is negative and the motion is st,ablc. 
When ?/>O, l~owcvcr, the sign of the cnt.irc expression 
tlcpcnds on whcthcr 

$;/ >l 

SO 1OIlg flS J:>y. 

w11e1 ;:;y >l autl 2>y, the sign of s is positive and un- 

stables opcrat ion results. In the case where y is positive and 
-$JY 

y>x, cvc’n if the a2L2 t crm wcrc insignificant, th(> clcnomina- 

tor would hocomc nrgativc nntl t,lius instabi1il.y would rcsull. 

The coefficients of the quantity J:Y in the term LTiy are such 

that the numerator of equation (1) usually becomes negative 
even though x>v. 
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